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The self--consistent problem of determining the interacting e lectromagnet ic  and tempera ture  
fields in a semi-infini te  medium when a plane e lectromagnet ic  wave is incident normally on 
it is solved in the adiabatic approximation. The pa rame te r s  of the medium are a rb i t r a ry  
functions of the tempera ture ,  thus enabling the WKB method to be used. 

The development in the last decade of high-power microwave sources  (with outputs of the order  of 
tens and hundreds of kilowatts) has given r ise  to a new a rea  of technology, which makes  use of the intense 
heating of media with poor thermal  conductivity by e lect romagnet ic  fields [1]. In such media the usual 
methods of thermal  action a r e  very  inefficient. 

Because of considerable  mathemat ica l  difficulties,  when calculating the e lectromagnet ic  and t empera -  
ture fields in such media it is usually assumed that the physical  pa rame te r s  of the medium (the relat ive 
permit t ivi ty ,  the conductivity, the heat capacity,  etc.) a re  independent of the tempera ture  and,consequent |y ,  
of the intensity of the e lec t romagnet ic  field and the time for  which it acts.  

In many cases ,  however,  the resul ts  of calculations of the field distribution in the medium differ 
cons iderably  (by one or  two o rde r s  of magnitude) from the experimental  data. This is par t icular ly  so when 
the medium concerned is a semiconductor  in which the conductivity depends exponentially on the t empera -  
ture,  or  a medium in which a continuous phase transit ion is possible,  for example, in media containing 
ice. The convers ion of even a smal l  amount of ice into water  leads to a sharp change in the e lec t r ica l  
pa r ame te r s  of the medium, since the permit t ivi ty of water  exceeds that of ice and the remaining components 
of the medium by a factor  of 10. 

There  is therefore  a need to determine the e lectromagnet ic  and temperature  fields in media whose 
pa rame te r s  depend on the temperature .  This is an ext remely  complex mathemat ica l  problem, requir ing 
the simultaneous solution of Maxwell 's equations and the equations of nonstat ionary thermal  conductivity. 
In this case ,  to solve Maxwell 's  equations it is necessa ry  to know the e lec t r ica l  pa ramete r s  which depend 
on the tempera ture  distribution in the medium, while the thermal-conduct ivi ty  equation cannot be solved 
without knowing the power of the volume sources  of heat, which a re  proport ional  to the divergence of 
Poynt ing 's  vector.  P rob lems  of this type are  difficult to solve even numerical ly  on modern  computers .  

Cases  in which it is possible to obtain an analyt ical  solution are  therefore  of par t icu lar  interest .  
Such a case  is the normal  incidence of a plane e lect romagnet ic  wave on a semi-in.finite medium in which 
the WKB method is used to calculate the e lect romagnet ic  field. 

The WKB method can be used for  media in which the e lec t r ica l  pa ramete r s  vary over distances which 
considerably exceed the wavelength in the medium. This method can therefore  be used for d ie lec t r ics  
with a low loss tangent, o r  for d ie lect r ics  in which the e lec t r ica l  pa ramete r s  depend only slightly on the 
temperature .  The pa rame te r s  of the medium are  a rb i t r a ry  functions of the temperature .  The time for  
which the heating can be assumed to be adiabatic is considered.  Th i s  situation is the mos t  interest ing one 
for technical applications. 

1. Fundamental  Equations of the Problem.  In the one-dimensional  case Maxwell 's  equations take the 
form 
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OH _ OD ], OE __ OB (1.1) 

Ox Ot Ox Ol 

H e r e  E i s  the e l e c t r i c  f i e ld  s t r eng th ;  H i s  the m a g n e t i c  f i e ld  s t r e n g t h ;  D i s  the e l e c t r i c  induct ion;  and ]3 
i s  the m a g n e t i c  induct ion .  

F o r  a v a c u u m  (x < 0): j = 0, D = e0E, B = p0 H, w h e r e  e 0 and ~0 a r e  the p e r m i t t i v i t y  and p e r m e a b i l i t y  
of  f r e e  s p a c e .  

F o r  the m e d i u m  (x > 0): j = ~E, D = %eE,  B =/~0 H. H e r e  cr i s  the conduc t iv i ty ;  and e is  the r e l a t i v e  
p e r m i t t i v i t y .  The r e l a t i v e  p e r m e a b i l i t y  of  the m e d i u m  is  a s s u m e d  to be equa l  to uni ty.  

At  the b o u n d a r y  of the m e d i u m  (x = 0) the fo l lowing  con t inu i ty  c ond i t i ons  a r e  s a t i s f i e d :  

E(:zO)--E( 0); H(- 0 ) = H ( 0 ) .  (1.2) 

The electromagnetic wave incident on-the medium has the form 

E +  (x ,  t) - -  A o e x p i i ( ~ t - - k o x ) ] ,  H~- = E+o/2Wo, S~  = = Ao/2wo,  (1.3) 

w h e r e  A 0 i s  the a m p l i t u d e  of  the e l e c t r i c  f ie ld ;  S~ i s  P o y n t i n g ' s  v e c t o r ;  w 0 i s  the i n t r i n s i c  i m p e d a n c e  of f r e e  
s p a c e ;  k 0 i s  the wave  n u m b e r  of the wave  in vacuum;  and ~ i s  the a n g u l a r  f r e que nc y .  

The  t e m p e r a t u r e  f ie ld  in the m e d i u m  in the a d i a b a t i c  a p p r o x i m a t { o n  i s  g iven  by the equa t ion  

OT ] 
c9 = q ( x ,  r q ( x ,  t ) = - - d i v S  = -  - -  RedivtE/-/*). (1.4) 

Ot 2 

H e r e  c and p a r e  the h e a t  c a p a c i t y  and d e n s i t y  of the  m e d i u m ,  r e s p e c t i v e l y ,  which  l ike  a and ~, a r e  a r b i -  
t r a r y  func t ions  of the  t e m p e r a t u r e .  

The  bounda ry  and i n i t i a l  c o n d i t i o n s  of Eq. fl.4) a r e  

T(O, x ) =  T:(I, :c) = T o. (1.5) 

The condition which must be satisfied in order that the adiabatic approximation can be used is 

OT 02T  I 
cp ~. (1.6) 

w h e r e  :~ i s  the t h e r m a l  c o n d u c t i v i t y  of  the m e d i u m .  Condi t ion  (1.6) i s  m o r e  c onve n i e n t l y  w r i t t e n  in the f o r m  

OT O' T 
- -  > > ~  ], (1.7) 

Ot Ox'- 

w h e r e  a 2= X / c 0  i s  the t h e r m a l  d i f fu s iv i t y  of  the m e d i u m .  

The  s e t  of Eqs.  ( t . 1 ) - (1 .6 )  i s  the c l o s e d  s y s t e m  of  equa t i ons  of the p r o b l e m  c o n s i d e r e d .  

2. The  E l e c t r o m a g n e t i c  and T e m p e r a t u r e  F i e l d  in a M e d i u m  with  C o n s t a n t  P a r a m e t e r s .  We wi l l  
b r i e f l y  r e c a l l  the b a s i c  equa t i ons  fo r  the  e l e c t r o m a g n e t i c  and t e m p e r a t u r e  f i e ld s  in m e d i a  whose  p a r a m -  
e t e r s  a r e  i n d e p e n d e n t  of  the t e m p e r a t u r e .  The  s o l u t i o n  of M a x w e l l ' s  equa t i ons  has  the  f o r m  

E = A o {exp [i ((or - -  kox)] -- R exp [i (o)t koX)] }, 

H -  A, {exp[i(co/ koX )] Rexp[i((ot - -  kox)] } i x < 0 ) ,  (2.1) 
~o 

I/2 
E - -  A o F  exp [i(o)t kx}],  H = E/~v, k - -  t~oe k (x > 0). 

where w = (P0/e0ek )I/2 is the intrinsic impedance of the medium; and e k is the complex permittivity of the 
medium (ek = e ' - i ( r / w  = e ' - i e " ) .  

The reflection coefficient with respect to the field R and the transmission coefficient with respect to 
the field F are 

R -  w - -  w o _ 1 - -  e k 2  �9 F - -  2 w  2 

~v -~ w o 1 - -  e~ '~- ' w o - -  w 1 ~- elk/2 
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Poynt ing 's  vec tor  in the medium S(x) is 

S (x) -- FeSo + exp (-- 2c~x), (2.2) 

where the ene rgy- t r ansmis s ion  coefficient F e and the attenuation fac tor  c~ are  g i v e n  by 

L 2~0 (9 + ~*) 2 (~2 L ~/2) (2.3) 
19o -" w[ 2 . I1 + ~k 

k~ tg8 [1 ~ l / i  + tg261-1/2. (2.4) 
a - -  21/2 

Here tan 5 = U ' / e '  is the dielectr ic  loss tangent. The quantity h = c~ -1 is what is known as the skin depth. 

Using Eq. (2.2), we obtain 

af ter  which we find from Eq. (1.4) 

r) A- q (x, t) = -~zFeSd exp (-- 2~zx), 

T(x, t):= T O 2aPeS+ texp(--2ax). (2.5) 
cp 

It is seen f rom this equation that in the approximation considered the tempera ture  is a l inear  function of 
time and of the power introduced. 

Note that we mean by the skin depth of the tempera ture  field the quantity h, since when x = h the 
tempera ture ,  measured  f rom its initial value, dec reases  by a fac tor  of exp (-2) with respec t  to its value 
at the boundary of the medium where x = 0. 

The condition under which the adiabatic approximation (1.7) can be used gives 

t < 0.25 (h/a) 2, (2.6) 

whence we see that it is independent of the power introduced. 

3. Solution of Maxwell 's  Equations for  Media to Which the WKB Method Can be Applied. If the p a r a m -  
e te r s  of the medium are  temperature  dependent, i .e. ,  they depend on the time and on the coordinates ,  it is 
not possible to solve Maxwell 's  equations in general  form. 

However,  for high-frequency and microwave fields the time during which the e lec t r ica l  pa ramete r s  
of the medium vary  is obviously much g rea t e r  than the period of the oscil lat ions,  so that we can seek a 
solution of Maxwell 's  equations in the form 

E = E 1 (x, t) exp (i(~t), H = H 1 (x, t) exp (i~t), 

D(x, t)=e0e(x, t) E, B=~t0H, ]~--~(x, t) E, (x>0) ,  

D(x ,  t ) = e o E ,  B=~toH,  ( x < O ) ,  

(3.1) 

where  El(x, t), Hi(x, t), e(x, t), and ~(x, t) a re  slowly varying functions of time. Substituting Eq. (3.1) into 
(1.1), and neglecting the derivat ives  with respec t  to time of slowly varying functions, we obtain 

dH~ _ io~%ak(X ' t) Et, dE~ = __ io~toHr (3.2) 
dx dx 

In these equations the time plays the role  of a parameter .  Eliminating the magnetic field f rom Eqs. 
(3.2), we obtain an equation for  the electr ic  field, 

d2E1 ~' k2(x, 0 E I = 0 ,  (3.3) 
dx 2 

where 

k 2 = k2ek(X, t). (3.4) 

In Eq. (3.3) the law of variat ion of k(x, t) is unknown, so that it is difficult to obtain a solution of the 
equation in general  form. But if this equation can be solved using the WKB method we have 

E 1 = Aoe k ~ J  
0 0 
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In Eq. (3.5), as shown in [2], we can neglect  the second t e rm,  and in t e rp re t  the f i r s t  t e rm as the 
" forward  wave" with a t r ansmiss ion  coeff icient  with respec t  to the field F 

x 

exp ,(-- i E~ = A~ [ k(x,k(O' or).it/2 j 'k(x, t)dx). (3.6) 

0 

With the assumed a c c u r a c y  we have for  the magnetic field in the medium 

HlIX, t)=,zl(x, t)/w (x>o). Can) 

The e lec t romagnet ic  field in vacuum can be wri t ten  in the fo rm 

E ---- A o iexp [ i (cot - -  koX )] + R (t) exp [ i (cot + koX)] }, 

H = A~ {exp [i (cot - -  kox )] - -  R (t)exp [i (cot + koX)] } (x < 0), (3.8) 
W0 

where  R (t) is the re f lec t ion  coeff ic ient  with r e spec t  to the field and is a slowly varying function of time. 

Using the boundary condition (1.2) we obtain 

R ( t ) :  w(O, t)--w o = 1--et~/2(O, t) . F(t)= 2 (3,9) 
w (0, t) + w o t -~ e~/2 (0, t) ' 1 -!- e~/2 (0, t) 

It follows f rom these equations that in the approximat ion assumed the t ransmiss ion  and ref lect ion 
coeff ic ients  with r e spec t  to the field are  determined by the value of the complex permi t t iv i ty  at the boundary 
of the medium. 

4. Determinat ion of the Tempera tu r e  Field. Substituting the values of E i and Hi f rom Eqs. (3.6) and 
(3.7) into Eq. (1.4), we obtain the following nonlinear  in tegrodi f ferent ia l  equation: 

x 

c(T) o(T) OTot -- M {T(0, t)} N { T (x, t)} exp [-- 2 o j r (x, t)ex], (4.1) 

T (x, O) = T (oo, t) = To, 

where  

M {T(0,  t)} : So + [F (t)l ~ t& (0, t)l/le o, 

N{T(x ,  t ) } :  w(x, t ) + w * ( x ,  t) koa(X, t) 
Iw(x, t)l ~ Ik(x, t)l 

(4.2) 

Equation (4.1) can be integrated in the following way. 

We f i r s t  de te rmine  the t e m p e r a t u r e  at  the boundary of the medium. It sa t is f ies  the following equation 
with separable  var iab les :  

c(V(o, 0}e{T(0, t)} OT(O, t) --M{T(0,  t)}N{r(o, t)}, 
Ot 

T (0, 0) = T o. (4.3) 

Since the temperature--dependence of all  the p a r a m e t e r s  of the medium is assumed to be known, this equa-  
tion is eas i ly  integrated,  

r(O,O 

t =  ~ c(T)p(T)dT (4.4) 
J M (T} N { r }  

T 

Equation (4.4) gives the impl ic i t  time--dependence of the t empera tu re  of the boundary. 

Af te r  finding T(0, t) the quantity M{T(0,  t)} can be assumed to be a known function of t ime 

M{T(O, t)}= M(I): (4.5) 

We replace  the function and the var iable  in Eq. (4.1) using the re la t ions  

t T(x,~) 

0 To 
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Equat ion  (4.1) then b e c o m e s  

OF 
-- exp 

O~ 
- - 2  

x 

0 

(4.7) 

We d i f fe ren t i a t e  Eq. (4.7) with r e s p e c t  to x 

x 

O~F 2a {F} exp - -  2 {F (x, t)}+dx 
OxOr 

0 

Hence ,  using r e l a t ion  (4.7), we obtain  

OF 0~r P 2cz {F} , - = 0 
OxO~ , O~ 

(4.8) 

(4.9) 

o r  

and, consequen t ly ,  

r 

+I~ f ] 0--~ ~ + 2 a (F) dF 

0 

---0, 

r 0F ! 
Ox ~ 2 a(F) d F = 0 .  

0 

The cons tan t  of  in tegra t ion  is a s s u m e d  to be z e r o ,  s ince  when ~- = 0, F(0, x) = 0F(0, x ) / S x  = 0. 

Equat ion  (4.10) can ea s i l y  be in teg ra ted  to give 

(4.10) 

2 X  

r(o,~:) 

r(x,z) 

dF' 

,[ ~ (F') dF" 
0 

(4.11) 

Using  the second of  the r e l a t ions  (4.7), we obtain 

T(o.t) 

2X ~ T" 
Z(.~,t) ') N(T') f 

To 

c (T') p (T') dT' 

a (T') p (T') c (T") dT" 
N (T") 

(4.12) 

Equat ions  (4.4) and (4.12) comple t e ly  solve  the p r o b l e m ,  s ince ,  knowing the t e m p e r a t u r e  d i s t r ibu t ion  
and using the given r e l a t ions  e = e(T), 6(T) f r o m  Eqs.  (3.6) and (3.7), we can  d e t e r m i n e  the e l e c t r o m a g n e t i c  
field in the med ium.  

F o r  the i m p o r t a n t  spec ia l  ca se  of cons tan t  density- and hea t  capac i ty ,  Eqs.  (4.4) and (4.12) can  be 
s impl i f i ed ,  and b e c o m e  

T(O,0 T(O.O 

t=c9  M { T } N { T } "  2 x =  T" 
To r(*,o N(T') f ~(T')dT~ 

�9 N ( T ' )  
To 

5. Heat ing  of Media with Low L osse s .  If  the d i e l ec t r i c  toss tangent  in the m e d i u m  is much  less  
than unity,  the med ium b e c o m e s  a tow- toss  med ium.  The solut ions  obtained can  then be s impl i f ied  c o n -  
s ide rab ly .  

F r o m  Eqs. (3.3), (3.4), and (4 .2)we obtain to within t e r m s  that a r e  quadra t i c  in tan 5: 

(4.13) 

k~ tg 6 N{T(x, t)} 2a; 
2 
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4 V-er(~O, t) _ S + F e  ' 
M {r(o ,  t)} = So + t[ + V ~ o ,  O] ~ 

lk(x, t)t=koV~-~, O; lk(O, OI =ko V~7~, O; 
4 

F(O,. t) = 
l l + V~' (o, t)l'" 

Hence ,  Eqs .  (4.13), wh ich  d e t e r m i n e  the t e m p e r a t u r e ,  take the f o r m  

T(O.t~ "r(od) 
S c(T-):p~T)dT .f  c(T)p(T)dT 

2 t=  S+Fjz(T) ; 2 x =  r �9 
r. r{x,O dT I c(T') p (T") dT' 

To 

F o r  the c a s e  of c o n s t a n t  h e a t  capac i ty  and dens i ty ,  these  r e l a t ions  b e c o m e  

r(o,t) r(o,o 

t - -  2S~o r('x,o Fe(T)~z(r) ; 2 x =  . (T - -To)a ( r )  
T(x,t) 

(5.1) 

(5.2) 

(5.3) 

6. Example  of  the Ca lcu la t ion  of  the T e m p e r a t u r e  in a L o w - L o s s  Die lec t r i c .  Cons ide r  a d i e l ec t r i c  
in which  c,  p ,  e'  a r e  independent  of  the t e m p e r a t u r e ,  and t an5 ,  and, consequen t ly ,  the a t tenuat ion f a c t o r  
vz,is a l i nea r  funct ion of the t e m p e r a t u r e  

co(T) : s o + y ( T - -  To). (6.1) 

Since the p o w e r - t r a n s m i s s i o n  coef f i c i en t  F e in the c a s e  c o n s i d e r e d  depends  only on e ' ,  and r e m a i n s  c o n -  
s tan t ,  the f i r s t  of  Eqs.  (5.3) g ives  

TO,t) 
cp ~ dT _ 0,5cp ao+'~(T--To)  

t - -  2F;So + J So + y ( T - -  To) ~ in % 
To 

whence  

w h e r e  

T(0, t) = T0- l -  s~ [exp(pt)-- 1], (6.2) 

= 2S+oFey/cp. 

It  is seen  f r o m  Eq. (6.2) that  the t e m p e r a t u r e  at  the boundary  v a r i e s  exponent ia l ly  with the power  
in t roduced  and the t ime ,  unlike the l i n e a r  dependence  when oz = s 0 = coas t .  This  equat ion  wel l  i l l u s t r a t e s  
the i n c o r r e c t n e s s  of  neg lec t ing  the t e m p e r a t u r e  dependence  of  the a t tenuat ion  fac to r .  

Us ing  the second  of  Eqs. (5.3) we find the t e m p e r a t u r e  T(x, t) 

T(O,t) 
dT 1 In T (O, t) - -  T o a o i-~,[T--To] 

2x = (T --  To) [~z o + ~, (T - -  To)] = cr % + 7 [T (0, t) - -  To] T - -  T O ' 
T(x,t) 

and, consequen t ly ,  

T(x, t ) = T  o +  % 1--exp(--[3t)  (6.3) 
exp (2%x) - -  [ t _2 exp (--  ~t)] 

It  fo l lows f r o m  this equat ion  that  when x ~ 0 the t e m p e r a t u r e  a l s o  depends  exponent ia l ly  on the t ime 
and the power ,  and the i n c r e a s e  in the r a t e  of  r i s e  of  t e m p e r a t u r e  f o r  x c lo se  to z e r o  leads to a s lowing 
down in the i n c r e a s e  in the t e m p e r a t u r e  at the r e m a i n i n g  points .  As  t ~ ~ and x ~ 0 the t e m p e r a t u r e  a p -  
p r o a c h e s  a f ini te  l imi t ,  due obvious ly  to the neg lec t  of  the t h e r m a l  conduct iv i ty .  

We wil l  c o n s i d e r  the p r o b l e m  of the depth of  pene t r a t i on  of  the f ields.  Fol lowing f r o m  Sec. 2, we 
def ine the pene t r a t i on  depth  b y  the equat ion 

T(h, t) T O : e-2[T(0, t ) - -  To]. (6.4) 
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Using  Eq. (6.3), we obta in  

h = 0.5holn[1 + (e ~ -  1)exp(--  ~t)], (6.5) 

w h e r e  h 0 = c ~  1. 

F o r  s m a l l  t i m e s  the p e n e t r a t i o n  depth  v a r i e s  l i n e a r l y  with t i m e ,  

h = ho [1 --.0.5(1 - - e  -S) ~t]. (6.6) 

F o r  l a rge  t i m e s  we have  

h = 0.5(e 2 - -  1)h0exp(--~t),  ( ~ > 0 ) ,  (6.7) 

h A 0.5[ln(e ~ -  1)--811, ( 8 < 0 ) .  (6.8) 

We wi l l  d e t e r m i n e  the d i s t a n c e  and t ime  fo r  which  it  is p e r m i s s i b l e  to neg lec t  the t h e r m a l  c o n d u c -  
t ivi ty .  Us ing  Eq. (1.7), we find 

1 - - (1  - -  e-~t) e - 2 ~  e a t -  1 (6.9) 
0.25 (ho/a)~))  1 @ (1 - -  e -~t)  e -2~x 

This  e s t i m a t e  can  be s imp l i f i ed  s ince  the f i r s t  f a c t o r  on the r igh t  is of  the o r d e r  of  unity when f~ > 0 

0.25 (ho/a) 2 ) )  exp (~t) - -  1 (6.10) 

As m i g h t  have  been  expec ted ,  the condi t ion under  which  the ad iaba t i c  a p p r o x i m a t i o n  can  be used now 
depends ,  unlike Eq. (3.6), on the p o w e r  in t roduced  and the d e r i v a t i v e  of  the a t tenua t ion  f a c t o r  with r e s p e c t  
to t e m p e r a t u r e .  

In a l a t e r  p a p e r  we wi l l  give the r e s u l t s  of a c a l cu l a t i on  f o r  m e d i a  in which  the p a r a m e t e r s  depend 
in a m o r e  c o m p l e x  way  on the t e m p e r a t u r e .  
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